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Let D be an integral domain. In the first section we prove two theorems about star 
operations. In the second section we investigate when the condition I, is principal, for I a 
divisorial ideal of D and f a nonzero principal prime of D, implies that I is principal. Our main 
result is that for any integral domain D and multiplicatively closed subset S of D generated by 
nonzero principal primes, the natural homomorphisms Pit(D)+ Pic( Or) and Cl,(D) -+ Cl,( OS) 
are each injective. We give examples to show that these maps need not be surjective. 
Introduction 
Let D be an integral domain with quotient field K and let F(D) be the set of 
nonzero fractional ideals of D. A mapping I+ Z* of F(D) into F(D) is called a 
stur operation on D if the following conditions hold for all nonzero u E K and 
I, .Z E F(D): 
(i) (a)* = (a) and (uZ)* = al*, 
(ii) ICI*, and ZC.Z+Z*CJ*, and 
(iii) Z** = I*. 
A nonzero fractional ideal Z is called a *-ideal if Z = Z* and Z is said to be a 
finite-type *-ideal if Z = .Z* for a finitely generated .Z E F(D). 
A star operation I+ Z* is said to be offinite type (or finite character) if for each 
Z E F(D), Z* = U h Z$, where {I,} is the family of nonzero finitely generated 
fractional ideals of D contained in I. Given any star operation Z+ Z* on D, we 
can define a new function I+ Z*s on F(D) by Z*5 = U A Z*, , where {I,} is the set 
of nonzero finitely generated fractional ideals of D contained in I. Then *s is a 
finite-type star operation on D, and Z* = I*$ for each finitely generated Z E F(D). 
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Note that each *-ideal is a *,-ideal and that * has finite type if and only if * = * s, 
i.e., Z* = Z*s for each ZE F(D). 
The simplest example of a star operation on D is the identity function; this star 
operation is often called the d-operation, I, = Z for each Z E F(D). Another 
well-known star operation is the u-operation: 
z,=(z-1)-l= n{xDIzCxD,O#xEK] 
(here I-’ = (D : Z) = {x E K ] xl C D}). A v-ideal is also called a divisorial ideal. 
Now v need not be a finite-type star operation. The *,-construction applied to the 
v-operation gives the usual t-operation: Z, = U {J, [ J C I, .Z E F(D) finitely gener- 
ated}. For further results on star operations, the reader is referred to [6], [S], or 
[101. 
The first section contains two theorems about star operations. Each reduces to 
a well-known result in ideal theory when applied to the d-operation. The first 
theorem gives several equivalent conditions for an integral domain D to satisfy 
ACC (the ascending chain condition) on integral *-ideals. The second theorem 
shows that two *-ideals are equal if (and only if) they agree at certain localiza- 
tions. 
In the second section, we investigate when the condition I, is principal, for Z a 
divisorial ideal of D and f a nonzero principal prime of D, implies that Z is 
principal. Our main result (Theorem 2.3) is that for any integral domain D and 
multiplicatively closed subset S of D generated by nonzero principal primes of D, 
the natural homomorphisms Pit(D) -+ Pic(D,) and Cl,(D)-+ Cl,(D,) are each 
injective. The result on the Picard group generalizes work of Ischebeck [9] and 
Verschoren [13]. Several related examples are also given. 
Throughout, D will always be an integral domain with quotient field K. Ideal 
will mean fractional ideal. For a nonzero x E D and a submodule Z of K, Z, will 
denote the localization of Z at the multiplicatively closed set S = { 1, x, x2, . . .}. 
Any undefined terminology is standard, as in [5] or [6]. 
1. rwo theorems on star operations 
Since the d-operation, Id = I, is a finite-type star operation, our first theorem 
generalizes the well-known result that each ideal of D is finitely generated if and 
only if D satisfies ACC on integral ideals. (Also, cf. [lo, Proposition 7, p. 311.) 
The proof, being routine, will be omitted. 
Theorem 1.1. Let D be an integral domain and let * be a star operation on D. 
Then the following statements are equivalent: 
(1) Each *,-ideal of D has finite type; 
(2) D satisfies ACC on integral as-ideals; 
(3) D satisfies ACC on integral *-ideals. 0 
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Corollary 1.2. An integral domain D satisfies ACC on integral v-ideals if and only 
if each t-ideal of D has finite type. 0 
In conditions (2) and (3) in Theorem 1.1, it is easily seen that we can replace 
the assumption of ACC on all integral *s- or *-ideals by ACC on just those *s- or 
*-ideals of finite type. Thus if D has ACC on integral *-ideals, then each *-ideal 
has finite type (since a *-ideal is also a *,-ideal). However, the converse need not 
be true. For if V is a valuation domain with value group R (the additive group of 
real numbers), then each v-ideal of V is principal, but V does not satisfy ACC on 
integral v-ideals. Here, of course, the v-operation does not have finite character, 
even though each v-ideal does have finite type. 
It is well known that if (x, y) = D, then for two ideals I and J of D, I = J if and 
only if Z, = .Z, and Z, = .Z,. (Such ‘patching theorems’ also hold more generally for 
modules, cf. [ll, pp. 18-221) The above fact is a special case of our second 
theorem when * is the d-operation. Note, however, that while the usual patching 
theorems become trivial when D is quasilocal, our result may still be useful when 
D is quasilocal. For if D is a quasilocal integral domain with maximal ideal M, 
then there may be nonzero X, y EM with (x, y)* = D. 
Theorem 1.3. Let D be an integral domain with star operation * and nonzero 
x,, . . . 3 x,, E D. Then the following statements are equivalent: 
(1) (x1, . . , x,)* = D; 
(2) For ideals Z and J of D, if I,, = Jx, for i = 1, . . . , n, then I* = J*; 
(3) For *-ideals Z and J of D, if I,, = J,, for i = 1, . . . , n, then Z = J; 
(4) For finitely generated ideals Z and J of D, if Zx, = J,, for i = 1, . . , n, then 
Z* = J*; 
(5) For finite-type *-ideals Z and J of D, if Zx, = Jx, for i = 1, . . . , n, then Z = J. 
Proof. (1) + (2). Let c E I. Then c E I,, = J,,, so X~C E J for some N,. Thus for 
some N, (x,, . . , x,)~c C J. Hence c E ((x,, . . , x,)~)*c C ((x1, . . . , x,)~c)* c 
J*. Thus I* C J*, and similarly J* C I*. 
As (2) +5 (3), (2) 3 (4), (3) 3 (5), and (4) + (5) are each immediate, we need 
only prove (5) + (1). Since (x1, . . . , x,)* and D are each finite-type *-ideals and 
(x1, . . . 2 xn>:,= D,, for each i = 1,. . . , n, by (5) we have (x1,. ,x,)* = 
D. 0 
Let * be a star operation of finite character; i.e., * = *s. Then each proper 
integral *-ideal of D is contained in a maximal *-ideal and each such maximal 
*-ideal is a prime ideal of D [lo]. Moreover, for two *-ideals Z and J of D, Z = J if 
and only if Z, = J, for each maximal *-ideal P of D [8, Proposition 41. These 
remarks give another proof of Theorem 1.3 since for any star operation * and 
nonzero x1,. . . , x, E D with (xi, . . . , x,)* = D, we have Z,, = J,, for i = 
1, . . . , n if and only if I,, = Jp for each maximal *,-ideal P. 
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LetDbeaKrulldomainandx, ,..., x,EDbenonzerowith(x ,,..., x,),= 
D. Then for divisorial ideals Z and .Z of D, Theorem 1.3 gives that Z = J if and only 
if Z,,=.Z, for i=l,..., n. Since the v-operation on a Krull domain has finite 
character’and the proper maximal v-ideals are just the height one prime ideals of 
D, we recover the well-known result that for two divisorial ideals Z and .Z of a 
Krull domain D, Z = J if and only if I, = Jr for each height one prime ideal P of 
D. It is of course necessary to assume that Z and J are both divisorial ideals. For 
example, if D is a two-dimensional Krull domain with maximal ideal M, then 
there are nonzero X, y E M with (x, y), = M, = D. Then M, = D, and MY = D,, 
but M# D. 
In the case in which * is the v-operation, another equivalence can be added to 
Theorem 1.3: (x1,. . . , x,), = D if and only if D = D,, n - * * fl DXn [l, Lemma 
2.11. (Note that (x1, . . . , x,)* = D implies D = D,, fl . . * rl DXn since always 
(x1,. . . , x,1* c (x,, . . > x,),. However, the converse fails if (x,, . . . , x,)* # D.) 
For n = 2, we can add several more equivalences. For nonzero x, y E D, D = 
D,nD, e D=x-‘Dny-‘D exDnyD=xyD @ (for (x,y)#D) x,y is a 
regular sequence. 
2. Applications 
In this section, Theorem 1.3 will be used to determine when the condition that 
the localization I, of a divisorial ideal Z by a principal prime f is principal implies 
that Z is also principal. These results are then interpreted in terms of the 
injectivity of natural maps of the Picard group and class group. 
Theorem 2.1. Let D be an integral domain, Z a divisorial ideal of D, and f a 
nonzero principal prime of D. 
(1) Zf Z is an integral ideal and Zf = Of, then Z = f”D for some n 2 0. 
(2) Suppose that Zt is principal. Then the following statements are equivalent: 
(a) Z is principal; 
(b) Z has finite type; 
(c) (D : Z)f = (D, : Z&. 
Proof. (1) Since Zf = Df, f” E Z for some n 20. First, suppose that Zg(f). 
Choose i E Z - ( f ). Then (i, f ), = D since ( f) is a maximal (proper) divisorial 
ideal of D (cf. [5, Lemma 3.71). Now Zf = D, and Zi = D,, so Z= D = f”D by 
Theorem 1.3. Thus we can assume that Z C (f ). Since (f”) C Z C (f ), there is an 
integer m, 0 5 m 5 n, such that (f”) C Z C (f”), but Zg( fm+‘). Then (f”-“) C 
f-“ZC D and f-“Zg(f). S ince (f -mZ)r = Dr and f -“Zg( f), by the above, we 
have f -“‘I = D, or Z = f”D. 
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(2) Clearly (a) 3 @I, and it is well known that (b) + (c). (If I = .Z, where J is 
finitely generated, then (D : Z)f = (D : J,)f = (D : J)f = (D, : Jr) > (D, : Jvr) = 
(Dr : Z,) > (D : Z)f.) 
(c) + (a). Since Zr is principal, Zr = iDf for some nonzero i E I. Then J = i(D : I) 
is an integral divisorial ideal of D with J, = i(D : Z)f = i(Dr : I,) = i(D, : iDt) = Dr. 
By part (l), J=f”D for some n?O. Hence Z=(i-‘J)-‘=if-“D is also 
principal. 0 
In Theorem 2.1(2), it is necessary to assume that Z has finite type. For example, 
let V be a valuation domain with value group Z@ E (ordered lexicographically). 
Let M = (f) be the maximal ideal of V and P its height one prime. Then P is 
divisorial (but not of finite type) and Vf = V, is a DVR. Hence Pf is principal, but 
P itself is not principal. 
It is also of course necessary to assume that Z is divisorial. We do however have 
Corollary 2.2. Let D be an integral domain, Z a nonzero ideal of D, and f a 
nonzero principal prime of D. 
(1) Zf Z is an integral ideal and I, = Df, then Z, = f”D for some n 2 0. 
(2) Zf If is principal and (D : Z)f = (Df : I,), then Z, is principal. 
Proof. (1) Since Z C Z, C D, if I, = D,, then also (Z,)f = Df. Hence Z, = f “D by 
Theorem 2.1(l). 
(2) I-’ is divisorial and (I-‘), = (D : Z)f = (Dt : 4) is principal since Zr is 
principal. By Theorem 2.1(2), I-’ is thus principal. Hence I, is also principal. 0 
Theorem 2.1 may also be restated in terms of the injectivity of the natural 
homomorphisms Pic(D)+Pic(Df) and C1,(D)--,C1,(Df). We first recall a few 
definitions. For any domain D, let Inv(D) be its group of invertible ideals under 
the usual ideal product and Prin(D) its subgroup of principal ideals. The Picard 
group of D is then Pit(D) = Inv(D)lPrin(D). Let T(D) be the set of all 
t-invertible t-ideals of D. Then T(D) is a group under the multiplication I* J = 
(ZJ),. Following [3] (cf. also [4] and [14]), we define the (t-) class group of D as 
Cl,(D) = T(D) lPrin(D). Note that Pit(D) is naturally a subgroup of Cl,(D). If 
D is a Krull domain, then Cl,(D) = Cl(D), the usual divisor class group of D; 
while if D is a Priifer domain, then Cl,(D) = Pit(D) is the usual ideal class group 
of D. Let S be a multiplicatively closed subset of D. If Z E T(D), then Z, E T(D,) 
(cf. [4, Lemma 2.81). Thus there is a natural homomorphism Cl,(D)-+Cl,(D,) 
induced by I-+ Z, for Z E T(D). 
Theorem 2.3. Let D be an integral domain and S a multiplicatively closed subset of 
D whose saturation is generated by nonzero principal primes of D. Then the 
natural homomorphisms Pit(D) + Pic( D,) and Cl,(D) + Cl,(D,) are each injec- 
tive. In particular, if f is a nonzero principal prime of D (or a product of nonzero 
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principal primes of D), then the natural homomorphisms Pit(D) + Pic(Df) and 
Cl,(D)+ Cl,(Df) are each injective. 
Proof. We need only prove that Cl,(D)-+ Cl,(Ds) is injective when S is generated 
by principal primes. Thus we must show that if I, is principal for I E T(D), then I 
is principal. Since Z has finite type (cf. [3, Lemma l]), as in the proof of Theorem 
2.1(2), we may assume that Z is an integral divisorial ideal and I, = D,. But then 
Z,=D,forsomefES.Nowf=f,...f,, where each L is a nonzero principal 
prime of D, so by induction, Theorem 2.1(l) gives that Z is principal. 0 
If D is a Krull domain and S is a multiplicatively closed subset of D generated 
by principal primes of D, then Cl(D)+Cl(D,) is an isomorphism by Nagata’s 
Theorem [5, Corollary 7.31. In this case, Pit(D) - Pic(D,) is thus also injective. 
Using more sophisticated methods, in [9, Korollar 21 (also see [13]) it was shown 
that Pit(R)+ Pic(R,) is injective when f is a regular principal prime of a reduced 
Noetherian ring R. 
Theorem 2.1 (or Theorem 2.3) may also be used to give an elementary proof of 
the following variant of Nagata’s Theorem: Let D be an integral domain and S a 
multiplicatively closed subset of D generated by principal primes such that D, is 
factorial. Then D is factorial if and only if D is a Krull domain. Our next corollary 
gives a companion result for GCD-domains (cf. [7, Theorem 3. l] and [12, 
Corollary 3.31). We recall that D is a Prufer u-multiplication domain (PVMD) if 
each finite-type v-ideal has a finite-type v-inverse, while D is a GCD-domain if 
each two nonzero elements of D have a greatest common divisor or equivalently 
each finite-type v-ideal is principal. 
Corollary 2.4. Let D be an integral domain and S a multiplicatively closed subset of 
D whose saturation is generated by principal primes of D. Suppose that D, is a 
GCD-domain (resp., Bezout domain). Then D is a GCD-domain (resp., Bezout 
domain) if and only if D is a PVMD (resp., Prufer domain). 
Proof. Each GCD-domain is a PVMD. Conversely, suppose that D is a PVMD. 
Since a PVMD R is a GCD-domain if and only if Cl,(R) = 0 [3, Proposition 21, 
Cl,(D) = 0, and hence D is a GCD-domain. The proof of the case where D, is 
Bezout is similar. 0 
We close with a few remarks about the maps Pit(D)+ Pic(D,) and 
Cl,(D)+ Cl,(Ds) f or an arbitrary multiplicatively closed subset S of D. If D is a 
Krull domain, then Cl(D) + Cl(D,) is always surjective, and by Nagata’s 
theorem [5, Corollary 7.21 is injective if and only if the saturation of S is 
generated by principal primes. If f is not a principal prime, then neither 
homomorphism need be injective. In fact, it is easily seen that Pit(D)+ Pic(D,) 
(resp., Cl,(D)+Cl,(D,)) is injective for each nonzero f E D if and only if Pit(D) 
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(rev., CUD)) 1s zero. Unlike the case for Krull domains, Cl,(D)+ Cl,(D,) need 
not be surjective. For example, let A be the quasilocal Krull domain 
@[x2, -xY, Y21@, xy, y 2 with maximal ideal M. Then A = C + M and Cl(A) = Z/22 ) 
(cf. [5, Example 16.51). Then D = a + M (where a is the algebraic closure of Q 
in C) is a quasilocal integrally closed domain which satisfies ACC on integral 
divisorial ideals [2, Theorem 3.21 and Cl,(D) = 0 (cf. [2, Proposition 2.41). Since 
f= x2 + xy + y4 is prime in A, and Df = A,, we have C1,(Df) = Cl(A,) = Cl(A) = 
Z/22. Thus Cl,(D)+ C1,(Df) is not surjective. Finally, note that Pit(A) = 0 since 
A is quasilocal and Pic(Af) = Cl(A,) = Z/22 since A, is a Dedekind domain. 
Thus, even when A is a Krull domain and f is a principal prime of A, 
Pit(A)+ Pic(Af) need not be surjective. 
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